This paper is devoted to the stabilization for a class of uncertain coupled parabolic equations. The presence of the serious unknowns and strong coupling makes the system under investigation essentially different from those of the related literature and results in the ineffectiveness of the traditional methods on this topic. For this, by infinite-dimensional backstepping method combining with adaptive dynamic compensation technique based on passive identifier, an adaptive controller is explicitly constructed which guarantees that all the closed-loop system states are bounded and the original system states converge to zero. A simulation example is provided to validate the effectiveness of the theoretical results.
I. INTRODUCTION
The systems modeled by coupled parabolic equations have frequently appeared in practice to describe the dynamics of two or more substances distributed in space. The representative examples can be found in chemical reactions, thermodynamics, biology, physics, etc. (see [1] - [4] ). Due to the presence of coupling between the subsystems, the analysis and synthesis of such systems would be more difficult than those of single parabolic equation, and hence attract a lot of attentions over the last two decades (see [5] - [17] ).
Controllers design with different control objectives have been one of the important parts of the controls for coupled parabolic equations. Multiple classes of control problems have been investigated for different coupled parabolic equations (see [7] - [17] and the references therein). Specifically, optimal control problems have been investigated in [7] , [8] for two classes of coupled parabolic equations arise in exploitation of oil and population system, respectively. Output regulation for a class of coupled linear parabolic partial integro-differential equations (PIDEs) has been investigated in [9] . Stabilization for coupled reaction-diffusion processes, reaction-advection-diffusion processes and coupled parabolic PIDEs via state or output feedback has been investigated in [10] - [15] . Moreover, by representing the complex The associate editor coordinating the review of this manuscript and approving it for publication was Shafiqul Islam .
linearized Ginzburg-landau equations as a class of coupled parabolic equations, state and output feedback stabilization have been investigated in [16] , [17] . It is necessary to point out that, the theoretical results of above literature are obtained based on the basic assumption that all the system parameters are exactly known. However, restricted by the limitations of modelling methods and measurement devices, uncertainties/ unknowns such as unknown system parameters are ineluctably existing which result in the ineffectiveness of the traditional methods in above literature. Therefore, it is meaningful to investigate the controls of uncertain coupled parabolic equations.
Adaptive dynamic compensation technique is one of the effective methods to overcome system parameter unknowns. Such control method is originated and well developed for ODE systems (see e.g., [18] , [19] , [29] ), and then has been extended to the controls of PDE systems (see [20] - [23] , [26] , [27] , [30] - [35] ) in the past two decades. One of the key steps of such control is the construction of dynamic compensation laws for unknown system parameters. Due to the infinite-dimensional characteristic of PDEs, the extension of adaptive control method from the ODE systems to the PDE ones is usually nontrivial since many essential obstacles arise in the control design and performance analysis which challenge the controls of PDE systems. Therefore, many control problems which are of practical and academic importance remain open and deserve investigation.
In this paper, we investigate the stabilization for the following uncertain coupled parabolic equations:
where u, v : [0, 1] × [0, +∞) → R are system states, U 1 , U 2 : [0, +∞) → R are control inputs; λ uu , λ uv , λ vu , λ vv are unknown constants, the first two denote the coefficients of the terms u and v when they appear at the u subsystem while the last two respectively denoting the coefficients of the terms u and v when they appear at the v subsystem; the following notations are used: ( * ) t = ∂( * ) ∂t , ( * ) x = ∂( * ) ∂x , ( * ) xx = ∂ 2 ( * ) ∂x 2 . The above equations can be viewed as a linearized Chemical Tubular Reactor model with constant parameters (see [1] - [3] , [10] ) whose control problems (such as stabilization) are of great practical importance in chemical reaction. Since both the subsystem states u and v interact each other, system (1) is coupled and hence includes single diffusion equation or reaction-diffusion equation as special examples. Moreover, system (1) has serious unknowns since all the system parameters are completely unknown. The simultaneous presence of both coupling and unknowns results in the inapplicability of the traditional control design methods and makes the stabilization of system (1) unsolved. Therefore, it is of great academic importance to investigate the stabilization of system (1).
In the following, we make detailed comparisons between system (1) and those of the related literature, to analyze the essential obstacles of the traditional methods on the stabilization of system (1) , and hence to highlight the main contributions of the paper: (i) System (1) has more serious unknowns than those of [10] - [14] , [16] , [17] , [20] which lead to the inapplicability of the existing methods in the literature. In fact, stabilization for coupled parabolic equations with known parameters has been investigated in [10] - [14] , [16] , [17] , adaptive stabilization for uncertain coupled parabolic equations with unknown parameters belonging to known bounded intervals has been investigated in [20] . Essentially different different from above literature, all the system parameters in system (1) are completely unknown since they do not necessarily belong to known or bounded intervals, and hence allow serious unknowns. This leads to the incapability of the control design methods in the literature due to their strict dependence on the known parameters or their known bounds. For this, a powerful dynamic compensation strategy for the unknowns of system parameters should be incorporated into the design of controller.
(ii) System (1) has strong coupling and hence can not be stabilized trivially by the methods for single parabolic system in [21] - [23] . Although stabilization for single parabolic system with unknown parameters has been investigated in [21] - [23] , some essential obstacles would arise in the control design and performance analysis of system (1) due to the presence of the coupling. For example, the infinite-dimensional backstepping transformations for single parabolic equation in the literature would be inapplicable for system (1) , novel transformations for coupled systems should be established. Moreover, the dynamic compensators for unknown parameters would depend on all the PDE states and hence make the resulting closed-loop system strongly coupled whose stability analysis would be more difficult. Detailedly, the control objective of the paper is to design an adaptive controller to guarantee that all the closed-loop system states are bounded while the original system states converge to zero. For this, an invertible infinite-dimensional backstepping transformation is first introduced to change the original system into a new one (called target system), for which a state feedback controller is explicitly constructed. By the inverse transformation, the stability of the target system implies that of the original system under the same controller. Then, a passive identifier is designed for the target system, from which the adaptive dynamic compensation laws for unknown parameters are designed. Finally, it is proved that the proposed adaptive controller guarantees the desirable stability of the resulting closed-loop system.
In summary, the main contributions of the paper are the following twofold:
(i) A fairly wide class of coupled parabolic equations have been investigated, which allow more serious unknowns and stronger coupling than those of related literature and hence can not be stabilized by the traditional methods. (ii) A novel adaptive control scheme based on passive identifier is proposed for coupled parabolic equations, which doesn't require any restriction on the size of the unknown parameters and hence can overcome serious unknowns. Throughout the paper, we assume the existence and uniqueness of the classical solutions for the resulting closed-loop systems since the main purposes of the paper are the designing of adaptive controllers and the proof of stability for the adaptive schemes, and moreover, the parabolic character of the systems ensure their benign behavior (see [21] - [23] ).
The remainder of the paper is organized as follows. Section II gives the procedure of the adaptive controller design. Section III shows the performance analysis of the resulting closed-loop system. Section IV provides a simulation example to validate the effectiveness of the theoretical VOLUME 7, 2019 results. Section V gives some concluding remarks. The paper ends with an appendix which collects several useful lemmas and the proofs for some important propositions.
Notation. Throughout the paper, the following notations are used. For a function w(x, t) :
Let 1 denote some function belonging to L 1 .
II. ADAPTIVE CONTROL DESIGN
The procedure of adaptive control design is divided into two steps. First, a feedback controller is explicitly constructed by infinite-dimensional backstepping method. Then, updating laws for the compensation of unknown parameters are designed by adaptive dynamic compensation technique based on a passive identifier.
A. CONTROL DESIGN BY INFINITE-DIMENSIONAL BACKSTEPPING METHOD
To synthetically overcome the strong coupling and serious unknowns in system (1), a couple of infinite-dimensional backstepping transformations and their inversions are constructed where the dynamic compensations for unknown parameters are included. By the transformations, the original system is changed into a new one (called target system), from which a feedback controller is explicitly constructed.
For system (1), we adopt the following backstepping transformation 3 :
wherê
λ uu ,λ uv ,λ vu ,λ vv being the dynamic compensation of unknown parameters λ uu , λ uv , λ vu , λ vv , respectively, whose updating laws will be determined later.
It is necessary to point out that, the above transformation is invertible whose inverse transformation is given as follows and will be used in the later stability analysis:
Remark 1:
The backstepping transformations (2), (5) are motivated by those for the coupled parabolic equations with known parameters in [10] - [14] , [16] , [17] . It can be seen from (3), (6) that the kernel functions (i.e.,p uu ,p uv ,p vu , p vv ,q uu ,q uv ,q vu ,q vv ) of transformations (2), (5) depend on the dynamic compensations of unknown parameters, and hence are time-varying rather than time-invariant as in the literature. This would make the control design more difficult since for example, the desirable target system would be more difficult to derive, and moreover, the boundedness of the kernel functions would be more difficult to analyze.
The following proposition gives some important properties of the kernel functions used in the backstepping transformations (2) and (5) which will be used in the later control design and performance analysis.
Proposition 1: The kernel functions of transformations (2) and (5)
| ≤λ} withλ being some positive constant. Moreover, p(x, y) is twice continuously differentiable on and satisfies the following equation:
Proof: See Appendix A.1. By the above two transformations, system (1) is changed into a new system. This is summarized in the following proposition. (1) is changed into the following new one under transformation (2):
Proposition 2: System
Proof: See Appendix A.2. Letting w u (1) = w v (1) = 0 in the last two equations of the target system (8), we obtain the following explicit controller:
Noting that the performance (e.g., boundedness or convergence) of the original system states u, v can be implied by those of the target system states w u , w v from (5) once the kernel functionsq uu ,q uv ,q vu ,q vv are uniformly bounded on , it suffices to design appropriate updating laws for the dynamic compensation of unknown parameters (i.e.,λ uu ,λ uv , λ vu ,λ vv ) from the target system (8) . This will be completed in the following section.
B. DESIGN OF PARAMETERS UPDATING-LAWS BY PASSIVE IDENTIFIER
Motivated by the related literature [22] , [24] - [27] where passive identifiers have been used to parameter identification or adaptive control for single parabolic PDE and coupled hyperbolic PDEs, a novel passive identifier is firstly designed in this section for the target system (8) with controller (10) in loop. By the passive identifier and target system, an error system is obtained, from which parameter updating laws are designed for the dynamic compensation of unknown parameters.
For system (8) with controller (10) in loop, we introduce the following passive identifier: (10) into the last two equations of (8), we have w u (1) = w v (1) = 0. Then, by above equation and (8), we obtain thatw u ,w v satisfy the following equations (called error system):
We adopt the following Lyapunov function:
where the first part is about system states which is helpful to prove the stability of the resulting closed-loop system, the second one is about parameter estimation errors which is used to design the adaptive laws.
Computing the time derivative of V (t) along the solutions of (12) leads tȯ
vu (x, y)u(y)dy dx VOLUME 7, 2019
To make the right-hand side ofV semi-negative definite, we choose the following updating laws:
Then, there holdṡ
Integrating both sides of (15) over [0, t] gives that V (t) ≤ V (0). This implies that V (t), and hence w u , w v , u , v ,λ uu ,λ uv ,λ vu ,λ vv (orλ uu ,λ uv ,λ vu ,λ vv ) are bounded on [0, +∞). Moreover, integrating both sides of (15) over
Noting thatw u (1) =w v (1) = 0, the Poincaré's Inequality (see Lemma A.2 in Appendix) gives that w u , w v are squarely integrable on [0, +∞).
The above properties of the closed-loop system are concluded by the following proposition which will be used in the later stability analysis.
Proposition 3:
The adaptive controller (10), (13) guarantee that the closed-loop system
Sinceλ uu ,λ uv ,λ vu ,λ vv are bounded on [0, +∞), Proposition 1 gives that the adaptive controller (10), (13) guarantees that all the kernel functionsp uu (x, y),p uv (x, y),p vu (x, y), p vv (x, y),q uu (x, y),q uv (x, y),q vu (x, y),q vv (x, y) are uniformly bounded on . This will be used later in the stability analysis of the resulting closed-loop system.
III. STABILITY ANALYSIS OF THE CLOSED-LOOP SYSTEM
We first give the following inequalities which will be frequently used in the stability analysis of the resulting closed-loop system:
The first line of above inequalities can be obtained by the inverse backstepping transformation (5) while noting the boundedness of kernel functionsq uu ,q uv ,q vu ,q vv . It can be seen from above inequalities that the properties (boundedness or convergence) of the original system states u, v can be indicated by those of the identifier statesŵ u ,ŵ v and error system statesw u ,w v . We then give the following two propositions which collects the important properties of the closed-loop system which will be used in the stability analysis of the resulting closed-loop system.
Proposition 4: The adaptive controller (10), (13) guarantees that the kernel functions satisfy
furthermore, there holds
Proof: See Appendix A.3. Proposition 5: The adaptive controller (10), (13) guarantees that the closed-loop system signals satisfy the following properties:
Proof: See Appendix A.4. It is a position to give the main stability results of the proposed control scheme whose block diagram is shown by Fig.1 below. 
By integration by parts, we have
By Young's Inequality and then Holder's Inequality, the last two terms on the right-hand side of above equality (denoted by *1 and *2 , respectively) satisfy
Noting that ψ 1 , (19) and (20)), substituting the above inequality into the right-hand side of (21) leads to
Integrating both sides of above inequality over [0, t] concludes that ŵ u x , ŵ v x ∈ L ∞ . Then, Agmon's Inequality (see Lemma A.1 in Appendix) gives thatŵ u andŵ v are uniformly bounded on [0, 1] × [0, +∞).
Moreover, we consider the following computation:
Similar as the derivation of (22), the last two terms on the right-hand side of above equality (denoted by #1 and #2 , respectively) satisfy We next turn to show the convergence of original system states u and v. By inverse transformation (5) and noting the boundedness ofq uu ,q uv ,q vu ,q vv , it suffices to show that of the target system states w u and w v . For this, consider 1 2
uv (x, y)v(y)dy dx
vv (x, y)u(y)dy
vu (x, y)v(y)dy dx. VOLUME 7, 2019 Since all the terms on the right-hand side of above inequality are bounded, there exist some constant M such that d dt w u 2 + w v 2 ≤ M . This, together with the proven fact that w u , w v ∈ L 2 ∩ L ∞ , leads to lim t→∞ ( w u + w v ) = 0. Then, Agmon's Inequality gives that lim t→+∞ sup 0<x<1 |w u (x, t)| = lim t→+∞ sup 0<x<1 |w v (x, t)| = 0, and hence, the inverse transformation (5) gives that lim t→+∞ sup 0<x<1 |u(x, t)| = lim t→+∞ sup 0<x<1 |v(x, t)| = 0.
Remark 2: The proposed adaptive controller can guarantee the desirable stability of the resulting closed-loop system without identifying the actual values of unknown parameters. Specifically, it can be seen from (13) thatλ uu ,λ uv ,λ vu ,λ vv and henceλ uu ,λ uv ,λ vu ,λ vv converge to zero ultimately with the adaptive controller in loop. However, it can not ensure thatλ uu ,λ uv ,λ vu ,λ vv converge to zero. Then,λ uu ,λ uv ,λ vu , λ vv converge to different constants which may be not the actual values of unknown parameters. This can be explicitly shown by the the simulation figures (i.e., Figs. 3, 4 and 7, 8 ) in the following section. To identify the actual values of system parameters, the parameters updating laws should be redesigned and some extra conditions such as persistent excitation would be imposed. This is beyond the scope of this paper and hence would not be considered although it is very meaningful.
IV. SIMULATION
In this section, we validate the theoretical results for system (1) 5(1 + x) .
Noting that the controller gains (i.e.,p uu ,p uv ,p vu ,p vv ) in (10) are given in infinite series whose compact form are usually difficult to obtain and their appropriate truncation are sufficient in practical implementation, we replacep(x, y) by its approximations, that is,p(x, y) ≈ 4 n=0 G n (x, y) with It is necessary to point out that, the choice of n = 4 in above truncation of the infinite series is guided by the conclusion of [31] (see Section 11.3 therein) where an estimation for the minimum of n is given to guarantee the effectiveness of the controller when the gain kernel is replaced by its approximation. It is shown that only several terms are sufficient in practice. By controller (10) with controller gains chosen as above, we implement the simulation in matlab by explicit forward Euler method (see Page 406 of [36] ) with 20-step discretisation in space. Consequently, eight simulation figures are obtained. Detailedly, Figs. 2-5 and 6-9 show the simulation results for system (1) in Cases x and y, respectively. Figs. 2 and 6 show that both the original system states u and v are uniformly bounded and converge to zero ultimately for these two cases. Figs. 3, 4, 7 and 8 show that all the parameter estimates are bounded and ultimately converge to different constants, respectively. Figs. 5 and 9 show that the control inputs are bounded and converge to zero ultimately. Remark that the dynamic estimates of unknown parameters are designed for the stabilization of original system rather than the identification of their actual values (as analyzed in Remark 2). 
V. CONCLUDING REMARKS
In this paper, stabilization via adaptive control method is solved for a class of coupled parabolic equations. Essentially different from the systems in the related literature, the one investigated in this paper allows serious unknowns and strong coupling which yield the traditional methods on this topic ineffective, and hence make the control problem under investigation more challenging. For this, a novel stabilizing control scheme by infinite-dimensional backstepping method combining with adaptive dynamic compensation technique based on passive identifier is proposed, by which an adaptive state-feedback controller is designed that guarantees the desirable stability of the resulting closed-loop system. It is necessary to point out that, the controller designed in the paper needs all the states to be available for feedback, which seems somewhat restrictive in practice since an infinite number of sensors are needed along the spatial domain. Therefore, how to achieve the adaptive output feedback stabilization of the uncertain coupled parabolic equations is much meaningful and deserves further investigation. For this, a state observer is needed to reconstruct the unmeasurable states, and hence makes the control problem much more challenging.
APPENDIX APPENDIX A.1: PROOF OF PROPOSITION 1
The proof is divided into two parts. The first part shows the boundedness of kernel functions. The second one shows the derivation of (7).
1) PROOF OF THE BOUNDEDNESS FOR THE KERNEL FUNCTIONS
We just show the boundedness ofp uu (x, y) andp uv (x, y) on since the others can be similarly obtained. This can be obtained by the method of induction. For this, by (4), we obtain that
Noting that |λ uu | ≤λ, |λ uv | ≤λ and 0 < η < ξ < 2, the first line of (A.2) gives that |G uu 0 (ξ, η)| ≤λ, |G uv 0 (ξ, η)| ≤λ. 
Suppose that
Substituting the above inequality into (A.4) leads to
Similarly, the third equality of (A.2) gives that
The above two inequalities show that the induce assumption (A.3) holds. Then, by (A.1) and noting 0 < ξ + η < 2, we have
which implies thatp uu (x, y) andp uv (x, y) are bounded on since the infinite series on the right-hand side of above inequalities converge.
2) DERIVATION OF EQUATION (7) Setting y = x leads to ξ = 2x and η = 0. Moreover, (4) gives that G 0 (ξ, 0) = − ξ 4ˆ , G n (ξ, 0) = 0, n = 1, 2 · · · . Then, p(x, x) = − ξ 4ˆ = − x 2ˆ , which is the third equation of (7) .
Letp(x, y) = G(ξ, η) = ∞ n=0 G n (ξ, η). By (4), we have
As the proof of the first part of this proposition, we can obtain that ∞ n=0 ∂G n ∂ξ and ∞ n=0 ∂G n ∂η are convergent uniformly and absolutely on . Then, G(ξ, η) is continuously differentiable with respect to ξ and η. Similarly, we can obtain that G(ξ, η) is twice continuously differentiable with respect to ξ and η. Thus,p(x, y) is twice continuously differentiable with respect to x and y.
Setting y = 0 leads to ξ = η = x. Moreover, (A.6) gives that ∂G n ∂ξ ξ =η = ∂G n ∂η ξ =η (n = 0, 1 · · · ). Then, we havê p y (x, 0) = G ξ (ξ, ξ ) − G η (ξ, ξ ) = 0, i.e., the second equation of (7) .
By (A.6), we obtain that ∂ 2 G 0 ∂ξ ∂η = 0 and ∂ 2 G n+1 ∂ξ ∂η
which gives that Before proceeding the proof, the following equations derived from (7) are given which will be used in the later proof:
(A.7)
First, letting x = 1 in both sides of (2) while noting that u(1) = U 1 and v(1) = U 2 directly leads to the last two equations of (8) .
Then, computing the partial derivative with respect to x of both sides of the first equality of (2) while noting that Letting x = 0 in both sides of above equality directly concludes that w u x (0) = 0. Similarly, we obtain that w v x (0) = 0, and hence obtain the third equalities of (8) .
Finally, we turn to show the first two equalities of (8) . It suffices to show the first one since the other one can be similarly obtained. For this, by computing the partial derivative with respect to t of both sides of the first equality in (2) along the solutions of (1), we obtain We only need to show (18) since (19) would be directly obtained by (9), (18) and using Young's Inequality. In the following, we derive (18) 
